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Dynamics of Complex Truss-Type Space Structures

Y. Yong* and Y. K. Lint
Florida Atlantic University, Boca Raton, Florida

A mathematical procedure is presented for the analysis of the dynamical behavior of truss-type space
structures composed of spatially periodic truss units, or sections of spatially periodic units. These units are
connected end-to-end to form an array, or intersecting arrays. Attention is focused on the steady-state response
of such a structure to 2 sinusoidal excitation, and on the transient response to an impulsive excitation. The two
types of responses are related essentially as a Fourier transform pair. The steady-state response to a sinusoidal
input is treated as superposition of wave motions, taking into account the effects of wave reflection due to the
change in the construction pattern along the structure, intersections, and boundary conditions. Since damping
usually exists in a real structure, a wave motion decays as it propagates along the structure. However, this can
cause numerical difficulty in the analysis if the structure is sufficiently long, because a decaying wave appears
as a growing wave in the opposite direction. Since propagations in both directions must be accounted for,
computational errors associated with the apparent growing waves also grow, and the numerical results become
meaningless. In the new scheme, use is made of the wave reflection and transmission matrices, making it possible
for all computations to proceed in the direction of wave propagation, so that the results are always numerically
stable, and for such complicated configurations as intersecting arrays to be treated quite simply. Application of

the procedure is illustrated by an example.

Nomenclature
C, = clamped boundary at the right end
[D(n)] = eigenvector matrix of the transfer matrix for cell n
F; = free boundary at the left end
fn) = force vector at the right end of cell n
Soxt = vector of excitation forces at a core cell
P = input force vector
[G] = wave generation matrix
K} = stiffness matrix
(M = consistent mass matrix
M, (n) = submatrix of [D(n)] converting right-going waves
into a displacement vector
Ny(n) = submatrix of [D(n)] converting left-going waves
into a force vector
n, = the right end of cell n

[O(k,j)] = wave-vector transfer matrix from j to k
= submatrices of [Q(k,/)]

Pq

R’(k,j) = reflection matrix for the segment between j and &
responding to right-going waves at j

R(k,j) = reflection matrix for the segment between j and &
responding to left-going waves at k

[S] = wave scattering matrix

[T(k,j)] = transfer matrix for state vector from j to k

T'(k,j) =transmission matrix for the segment between j and
k responding to right-going waves at j

Tik,j) = transmission matrix for the segment between j and
k responding to left-going waves at k

w(j) = displacement vector at j

Winn = vector of displacement at a core cell

W = input displacement vector
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[Z] = impedance matrix

Z; = submatrices of {Z]

w = circular frequency

A = diagonal matrix of eigenvalues of [T(k,/)] with
magnitude smaller than one

w.(n,) = right-going wave vector at n,

pi(n,) = left-going wave vector at n,

i = incoming wave vector

Ho = outgoing wave vector

Introduction

UE to the requirements for light weight and high rigidity,

truss-type construction has been the dominant form for
proposed large space structures. Typically, such a structure is
composed of several sections. Each section is composed of
identical units that are connected end-to-end to form a spa-
tially periodic array. Different sections may again be intercon-
nected or intersect one another. The variety of possible config-
urations makes the analysis of large space structures difficult.
In order to simplify the problem, rather sweeping approxima-
tions have been suggested (e.g., Refs. 1 and 2), in which the
built-up truss-type structure is replaced by Timoshenko beam
elements, or other continuum elements. The errors involved in
such gross approximations can be quite significant. However,
neither is an all-encompassing finite-element modeling a good
approach, because the natural frequencies of a structure com-
posed of periodic units are known to group closely in distinc-
tive frequency bands, and the determination of closely valued
natural frequencies and associated mode shapes can be both
expensive and inaccurate.

In this paper, a mathematical procedure recently developed
for the analysis of damped periodic and piece-wise periodic
structures? is extended to include the more complicated config-
urations of intersecting arrays. The procedure is a hybrid of
finite element, transfer matrix, and wave propagation ap-
proaches, an idea proposed previously by von Flotow* in
dealing with structural networks of substituted continuum
elements. The transfer matrix and wave propagation ap-
proaches have been applied separately and successfully for the
analysis of periodic structures of much simpler configuration
(e.g., Refs. 5-12), whereas a combination of finite element
and transfer matrix formulation was first advocated by Mc-
Daniel and Eversole.!® In the proposed hybrid procedure,
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finite-element formulation is used to model a periodic truss
unit, or each type of periodic truss unit in the structure, so that
the dynamic characters of such a unit can be represented as
accurately as desired, regardless of its complexity. Traditional
transfer matrices for state vectors are transformed to transfer
matrices for wave vectors,>* thus, various waves propagating
along the structure in different directions can be identified and
certain numerical difficulties can be circumvented. An exam-
ple is given for illustration.

Truss Unit

A typical truss unit for a large space structure is shown in
Fig. 1. The choice of the size of such a unit is arbitrary; thus,
it can be judicially selected for the convenience of an analysis.
In what follows, a truss unit will be referred to as a cell. It is
assumed that the dynamical behavior of a cell has been deter-
mined adequately, using a finite-element approach. Thus, in
our mathematical model, a cell can be regarded as the smallest
component of the overall structure. Neighboring cells are as-
sumed to be rigidly connected at a number of node points. In
the case of Fig. 1, such nodes are the adjoining corners of
neighboring cells. Each corner has six degrees of freedom,
three in translation and three in rotation; thus, for the cell
shown in Fig. 1, each end is capable of twenty-four general-
ized displacements. As will be explained later, this implies that
a total of twenty-four wave motions can be transmitted
through a cell.

Since we intend to develop a theory applicable to any type
of cell unit, we shall consider a generic cell, labeled as cell n
and shown in Fig. 2. The left end and the right end of the cell
are denoted by n; and n,, respectively. Let p be the number of
generalized displacements at each end, indicated by dotted
lines in the figure.

It is usually simpler to formulate a dynamic response prob-
lem of a linear structure in terms of frequency response. In
this case, the time dependence of the motion is sinusoidal. The
transient response due to impulsive excitation can be obtained
indirectly by Fourier transformation.

For simplicity, the frequency dependence in an expression
for sinusoidal motion will not be indicated in the subsequent
development unless there is a possibility of confusion. The
generalized displacements and corresponding generalized
forces at the ends of a cell are represented as two p-dimen-
sional vectors w( ) and f( ), respectively. Using a finite-ele-
ment formulation, we can construct an impedance matrix [Z],

such that
w(n;) —f(nz)}
4 = 1
[ lgw(n,)} { ) W

where [Z] is given by

[Z] = -’ IM] + [K] @

Fig.1 A typical truss unit.
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m Ny

Fig. 2 A generic cell unit of periodic or piecewise periodic structure.

and where [M] is a consistent mass matrix, [K] is a stiffness
matrix, and w is frequency. The sign convention adopted for
the force vectors follows what is usually used in a transfer
matrix formulation, which accounts for the negative sign for
f(n;) in Eq. (1). Comparing Eq. (1) with the following transfer
matrix relation

w(n,) {W(nl)}
=[T(n,
if(nr)} T2 g &
it can be shown that

-Z3' Zy -Z3' } @
2y —Zn Zy;' Zy 2
where the transfer matrix [T7] is 2p X 2p. The 2p-dimensional
vector {w(n),f(n)} at either end of a cell is referred to as a
state vector. The construction of a transfer matrix from the
corresponding impedance matrix is, of course, not new. It has
been used, for example, in Refs. 13 and 14.

Now, consider a transformation

[T(n,n)) = [

win)|
{ f(n,)} = [D@n)] p(n) (&)

where [D] is 2p X 213. Substituting the above into Eq. (1)
yields

w(n,) = [D) ' [T(n,n)ID(n)] w(n) (6)
If columns in [D(n)] are eigenvectors of [7'(n,,n;)], then

A
A, 0
DI T (n,n))D ()] = - M

< Ay

in which N, j=1,2,...,2p, are the eigenvalues of matrix
[T(n,n)].

Now we shall make use of an important property common
to all transfer matrices®; namely, for every eigenvalue \;, there
existsa N,y = A1, Physically, each pair of reciprocal eigen-
values is associated with two wave motions of the same type,
but propagating in two opposite directions. Thus, Eq. (6) can
be rewritten as follows:

ﬂ'r(nr)} _ |:A :li“r(nl)} 8
{m(n,) A= L) ®
1
[A] = ©)
Ay

and where each p will be referred to as a wave vector in what
follows.

Since damping generally exists in a real structure, the eigen-
values \; are complex-valued. For computational efficiency to
be explained later, we arrange the eigenvalues such that their
absolute values are in ascending order. Then it can be shown
that IN; | <1, where \; are the elements in the diagonal matrix
A that appeared in Eq. (9). If the eigenvalues are so arranged,

where
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then elements of u, and y, in Eq. (8) are, respectively, complex
amplitudes of right-going and left-going wave motions. The
absolute value of each \; accounts for the reduction in magni-
tude when the associated wave motion propagates across a
cell, and its phase represents the difference in phase at the two
locations #, and n;. Equation (8) shows that the amplitude of
a wave motion always decreases when propagating across a
cell. This is a result of energy dissipation, since no power is
supplied within the cell.

For the convenience of the following discussion, we intro-
duce submatrices M,(n), M;(n), N.(n), and N,(n) of [D].
These submatrices are of order p X p, and their roles are
revealed by rewriting Eq. (5), as follows:

{w(n,)} ~ [M,(n) M,(n)} {ur(m)} 10)
fn,) N, () Ni(n)] ()
It is clear that M,(n) and M,(n) combine the right-going and
left-going waves into displacements w(n,), and that N,(n) and
N,(n) combine these waves into forces f(n,).

We digress to comment on the precise meaning of wave
motions in the above context. First, it should be noted that we
are concerned only with the motions at the ends of a cell,
namely at n, and #,. Detailed information within a cell remains
unspecified. However, if we were to examine the motions
within individual members which constitute the whole cell, we
would find other types of waves. Since these individual mem-
bers are usually thin uniform bars, we would find essentially
damped sinusoidal waves in bending, torsion, shear, and lon-
gitudinal motions. At each joint where different members
meet, complicated scattering would occur. Yet the resulting
motion at the ends of each cell would have the relationship
represented by Eq. (8). The advantage of restricting our atten-
tion on the resulting motions at the ends of a cell is obvious;
it allows us to bypass the detailed motions of individual mem-
bers.

Wave Propagation Along Connected Identical Cells

Consider first the simplest case of wave propagation
through identical cells that are connected end-to-end to form
an array. Let these identical cells be labeled from left to right,
m through n. In the absence of excitation, the state vectors at
the two ends of the array are related, as follows:

win)| w(m;)
Xf(nr)} = [T, mn) {f(mz)} (12

where the arguments n, and m; for the transfer matrix
[T(n,,m;)] indicate the two ends of the array. Obviously, this
transfer matrix may be computed from the transfer matrix of
a single unit cell, as follows:

[T, m)] = [T(m,,mp)"~"+! 13

since all the cells in the array are identical. Converting the
state vectors in Eq. (12) to wave vectors, we obtain the rela-

tionship
[umn,)z _ (0tm)] {u,(m,)} a4
() pi(my)

where [Q(n,,m;)] is a transfer matrix for wave vectors, and, in
the present special case of identical cells, it is given by

(@@, ,m)} = D)~ [T(n,m)I[D(m)) .

An—m+1 0
= 0 A——(n—m+1) (15)

The second line of Eq. (15) is obtained by using Eq. (13) and
recognizing the fact that [D(n)] = [D(m)]. The diagonal form
of this wave vector transfer matrix indicates that the ‘‘resul-
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Fig.3 Schematic of wave motions at the interface of two dissimilar
cells.

tant’’ waves are transmitted through the entire array without
reflection, although reduction of wave magnitudes can still
occur due to damping.

Transmission and Reflection Matrices

Next consider the wave motions at the interface of two cells
that are not identical. Let these two cells be numbered n —1
and n, as shown in Fig. 3. The relation between the wave
vectors on the two sides of the interface may be written in the
same form as Eq. (14), namely,

{u,(n,)

”'r(n - lr)}
16
wmilny) (10

} =[Q(myn —1,)] im(ﬂ ~1)

where the transfer matrix for wave vector [Q (n,n —1,)] is now
obtained as [D(n)]~! [D(n —1)], which is no longer a diagonal
matrix.

It is illuminating to rearrange Eq. (16) in the form of an
input-output relationship by viewing the incident waves
p(n—1,) and p;(ny) to the interface as inputs and outgoing
waves w;(n —1,) and g, (n) from the interface as outputs.
Specifically, we write

{m(n —1,)} B [R'(n,,n ~1,) Tlmn- 1,)] {ur(n —1,)2
w) ) LT (yn—1,) Rlinn—1,)]( m(n)

a7

The output g;(n —1,) is seen to be the sum of the reflected
portion of a right-going g, (n —1,) and the transmitted portion
of a left-going p;(n;). Similarly, u,(n;) is seen to be the sum of
the transmitted portion of u,.(r —1,) and the reflected portion
of w,(n;). It is, therefore, logical to call submatrices 7”s in Eq.
(17) the transmission matrices, and submatrices R’s the reflec-
tion matrices. The arguments »; and 7 — 1, shown in the paren-
theses indicate that these matrices are associated with the
interface between cells # and n — 1, and the superscript 7 (or /)
signifies that transmission or reflection is responding to a
right-going (or a left-going) input wave vector.

Clearly, the transmission and reflection matrices can be
computed from the wave transfer matrix [Q], and vice versa.
By comparing Eqs. (16) and (17), it can be shown that

R(,i) = =1Qn(.D17 100 (18a)

T'G,0) = Quli i) = Quln DIQ20. D1 ~'Qu (1) (18b)
RYG,i) = Qu(i D000, D)~ (18¢c)

T'(,i) = [Qx(, )] (184d)

OnG.i) = T'G,i) — R'GDIT'GO 'R G.1) (19a)
Qn0,0) = RIGDIT'G ! (19b)

Qi) = = [T'G.OI'R'G,1) (19¢)
On(.i) = [T'G.HI! (19d)

where j >i.

Relations in Eqgs. (18) and (19) are written in more general
forms applicable to an arbitrary segment between two loca-
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Fy my At the boundary, u,(m;) may be treated as the input and
o fplmy) w-(my) treated as the output. Thus, we also have
Free -—- {
-—- peg (my) ur(my) = R, Fp, (my) 25)

Fig.4 A free boundary at the left end of cell m.

tions j and 7/ along an array of cells, not necessarily on the two
sides of an interface. It should be emphasized, however, that
we have used a left-to-right numbering system, and the super-
script r or /, referring to the right-going or a left-going input
wave vector, must be interpreted accordingly.

In the special case of an array of identical cells, Eqs. (18)
reduce to

R'(n,,m;) = R'(n,,m;) =0 (202)

T7(my,m;) = T'a,my) = A"+ (20b)

as expected.

Compositions of Transmission
and Reflection Matrices

According to the chain rule for transfer matrices

Qk,1) = 0k, ))QU,1), i<j<k (21)
four matrix equations can be obtained by expressing each
transfer matrix in Eq. (21) in terms of the respective trans-
mission and reflection matrices in the form of Egs. (19).
Solving the four matrix equations

R'(k,i) = R7(j,i)
+ T'GOR (kDU — R'GHR k)T,
T'(k,i) = T"(k,))U — R'G, DR (KN T'G,1)
Rl(k,i) = R(k.j)
+ Tk )R'G, DU — RIKHR'G,D ' Tk, j)
T'(k,i) = T'G, ) — R"(kHR'GDIT'T(k)), i<j<k (22)

These are the rules by which the transmission and reflection
matrices for two connected segments can be computed from
those of individual segments.

Reflection at a Boundary

Two types of boundary conditions will be considered. The
clamped boundary condition requires that displacements be
zero, and the free boundary condition requires that forces be
zero. All waves must be totally reflected at either type of
boundary, which means that elements of the transmission
matrices characterizing a boundary must be all zeros. The
reflection matrices, however, depend on whether the
boundary conditions are clamped or free.

As shown in Fig. 4, let cell m be an end cell next to a
left-hand-side boundary. The state and wave vectors are re-
lated, as follows:

{w(m,)}z[M,(m) M,(m)] {u,(m,)z 23
fmy) N,(m) Nym) ]| (pi(my)

If m,; is next to a free boundary, then f(rm;) = 0. From the
second row of Eq. (23), we obtain

tr(my) = = [N(m)] N () (my) (24)

where R/(m,, F;) is the reflection matrix of a left-hand-side free
boundary associated with a left-going incident wave vector.
Comparing Eqgs. (24) and (25),

R(my,Fy) = —[N,(m)1~'N)(m) (262)

In addition, the transmission matrix of a left-hand-side free
boundary must be

T'(m,F))=0 (26b)

Other cases can be similarly treated.? If m, is next to a clamped
boundary, then

Ri(m,C)) = — M, (m)]~'M,(m) (272)

T'(m,C)) =0 27b)

If cell m is an end cell next to a right-hand-side free boundary,
then

R'(F,m;) = —[N(m)]~'N,(m) (28a)

T'F,,m,) =0 (28b)

If cell m is an end cell next to a right-hand-side clamped
boundary, then

R'(Cm;) = = [M(m)]~'M,(m) (292)
7(C,m)=0 (29b)

For mixed boundary conditions, namely, when only certain
displacement components and certain force components must
vanish at the boundary, it will be necessary to rearrange the
state vector {w, f}, such that the vanishing components are
grouped in either the upper half or the lower half of the new
state vector. The rows in the M and N matrices in Eq. (23)
must also be rearranged correspondingly, and the reflection
and transmission matrices can then be obtained in a similar
manner,

Input-out Relationship for One-dimensional Cell-array

A one-dimensional cell-array is shown in Fig. 5. Such an
array may be composed of several sections of periodic struc-
tures, and different sections may be composed of different cell
units. By use of the composition rules [Eqgs. (22)], the trans-
mission and reflection matrices can be determined for any
segment of the array between two arbitrary locations in the
array.

To show how the response of the structure to an excitation
can be obtained in the frequency domain for this structure, let
us assume that both ends of the cell-array are free, and that an
input is applied at the interface between S, and S + 1,. Our
objective is to calculate the responses at j, and k;, where
I=sj<Sand S+1=<k <N

Fig. 5 A chain of connected cells with excitations applied at the
interface between cell S and cell S +1.
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The input causes a discontinuity between the state vectors at
S, and S + 1,. This is expressed in an equation

ws) _ (w(s + 11)} B {w(s,)} 20

{fs} {f(s +1;) S G0

Transforming the state vectors, {w(S + 1;), f(S +1;)} and
{w(S,), f(S5,)}, into wave vectors, we obtain

{WS} B [M,(SH) M,(sn)H (S +1p) }
fs) LN+ NS + 1) | (R (F,S + 1), (S +1))
B [M,(S) M,(S)} {R' San)m(Sr)}

N(S) Ni(S) pi(Sy)

In the above equation, we have replaced u,(S +1;) by R"(F,,
S +1)p(S +1)) and . (S,) by RS, F)w(S,). Rearranging,

(31

{,‘,(s + 1,)} B [M,(S + 1)+ M(S + DR'(F,S + 1))
w(S) ) L NAS+1)+ NS+ DR'(F,S +1;)

—~ M,(S)R(S, F}) - M:(S)] -1 {Ws}
— N,(S)RYS,, F)) — Ni(S) s

This equation shows how a right-going wave vector u,(S + 1)
and a left-going wave vector u,(S,) are generated by the inputs
ws and fs, and how the structural constructions on the two
sides of the inputs, as well as the boundary conditions, affect
the wave generation. Usually, inputs to a physical system are
forces, in which case w, = 0. However, Eq. (32) also shows
that ‘‘displacement inputs’’ which cause discontinuities in the
displacements, can also be considered. Moreover, the natural
frequencies of the system can be obtained from Eq. (32). At a
natural frequency, the matrix inversion indicated on the right-
hand-side of this equation does not exist, or the determinant
of the original matrix vanishes. Of course, when computing
the natural frequencies, the system is undamped.

The responses at locations j, and k; can be obtained quite
simply, as follows:

w(i,)} DG {uro;)}
{f(ir) PO 60
[M,(i) M)
N.G) NG

(32)

RYS,, Fu(S; .
(Sn Fpp )}, i=s

:|[Q(Ir’Sr)]{ (S)

(33)

w(k;)} {u,(k,)}

= [D(k

{f(k:) DU k)
:[M,Uc) My (k)

N, (k) Ni(k)

" { (S + 1))
Rr(Fr’S + ll)ur(S + 1!)

} [Q (kS +1))]

}, k=S +1 (34)

The wave transfer matrices Q’s in the above equations may
be expressed in terms of the reflection and transmission ma-
trices, if desired. Then the displacement responses, for exam-
ple, are given by

w(ir) = [Mr(i)Rl(inFl) + M(i)][l - Rr(sr,jr)Rl(ir’FI)]

—1T%Spjm(S,), j<S (3%)

w(ky) = [M,(k) + M(k)R'(F, k)]

X [ — R'(kpS + 1)R"(F,, k)] !

X T"kp S + 1)p, (S + 1)), k=S +1 36)
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Fig. 6 An M + 2-array intersection.

The force responses can be obtained simply by replacing M by
N in Egs. (35) and (36). If one or both boundaries are
clamped, the solution may be modified by replacing F by C, as
required. The solutions are also valid at the boundaries, in
which case j, =1, and k; = N,.

Intersecting Cell-arrays

In the foregoing, truss cells are assumed to be connected
end-to-end to form an array. The resulting structure is essen-
tially one dimensional in space, for which the transfer matrix
formulation is most convenient for the analysis. The case of
intersecting arrays is a variation of this basic configuration;
therefore, some modification is required for its analysis.

Figure 6 shows M + 2 intersecting cell-arrays that share a
common core-cell. Each array is constructed of one-dimen-
sional piece-wise periodic cells. We label these arrays by the
numbers I, 11, 1, 2, ..., M, the first two being Roman numer-
als. Each of these numbers will also be used to indicate the
interface between the core-cell and an array (dashed lines in
the figure) for the purpose of identifying the displacements
and/or forces at that interface. Since the superposition princi-
ple holds for a linear structure, no generality is lost by assum-
ing that only one excitation vector is present and is located at
the core-cell, or on either array I or array II. The strategy we
shall adopt in our analysis is to modify the core-cell by lump-
ing on it the effect of unloaded arrays 1 through M. By so
doing, the modified core-cell and the connected arrays I and II
may be treated as an equivalent one-dimensional array. Thus,
the subsequent analysis may proceed in the same manner as
that of the one-dimensional array given in the previous sec-
tion. Any boundary conditions at the far end of an unloaded
array 1 through M can be treated. For illustration purposes,
however, all these ends will be assumed to be free. The choice
of arrays I and II is quite arbitrary. Of course, the resulting
equivalent one-dimensional structure, consisting sequentially
of array I, the modified core-cell, and array II must contain
both the input and output stations.

We shall consider a more general case in which an excitation
vector f,,, is located on the core-cell. The components of this
excitation vector may consist of several forces acting at a
number of node points, which will be referred to as inner
coordinates. Displacements at all the inner coordinates will be
denoted by vector w;,,. The interfaces between the core-cell
and cell-arrays will be referred to as outer coordinates. Dis-
placements and forces at all the outer coordinates will be
denoted by w and f, respectively.

Using a finite-element method, the dynamical equation for
the core-cell shown in Fig. 6 may be expressed as follows:

P, P w

P 21 P, 22 Winn ext.
where P; are subimpedance matrices. Eliminating w;,, from
the above equation yields

[P — P P! Pyliw} = (f} — P12 P33 {fext} (38)
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To proceed further, rewrite Eq. (38) in the following form:

w(l) J® F
w(ll) Jan Fy
[A41< w() + =< f() y+< Fy 3%
won)  Lran)  LFu
in which
[Al= P, — Py, P3' Py (40)
and
F
Fy
Fy = —-Ppy Pzal{fext} (41)
Fu

Transforming the state vector at the outer coordinate j of the
core-cell into wave vectors, we have

{W(i)} _ [Mo(i) M.-(i)] {m‘)} @
JU) No() NG L)
where subscript i or o associated with a wave vector signifies

an incoming or an outgoing wave when referring to the core-
cell. Equation (39) then can be written as

(oD
:M |
813~ ;_((I)) : (43)
l' FM
kl‘li(M)
where
M, (1) M(D
. 0 0
[B] = [4]
0 . 0
M, (M) Mi(M)
No(D) Ni(®)
. 0 . 0
_ . . (44)
0 . 0
N, (M) Ni(M)

Note that the number of columns is two times the number of
rows in matrix B. By separating B into two square matrices,
namely, B = [B),B], Eq. (43) can be recast into the following
form:

po(D pi(1) b
po (1) pi(1D) Fy
po(l) b+ =[S1< w(D) + +[G1< ) (45)
(M) M) Fu

where S = —B,"! B, and G = B,”!. Matrices S and G are
called the wave scattering matrix and the wave-mode genera-
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tion matrix, respectively.? The former redirects the incoming
waves to outgoing directions, and the latter converts the exter-
nal forces into wave sources, namely,

"‘LS(I) F 1
(D) Fu
w®) b =161 F (6)
s M) Fu

The resulting out-going waves are, of course, the sum of the
above two types of contributions.

The scattering matrix S is composed of (M + 2) X (M + 2)
submatrices Sy;; k, j =1, II, 1, ..., M. Each S;; is a trans-
mission matrix, if j # k. It redirects an incoming wave p;(j) to
the kth direction, and it becomes a reflection matrix, if j = k.
The important properties of scattering matrices are discussed,
for example, in Ref. 15,

Note that when referring to the entire array j, u,(j) becomes
an incoming wave and u,;(j) becomes an outgoing wave. Since
array j is unloaded, ;(j) can also be considered as a reflected
wave from the far-end boundary. It follows from Eq. (45) that

po(D) I
#o(ID) I 0
o) » =1[S] R°(1)
: 0 -
po(M)) RoM)
) ps(D)
wi(I1) ps(ID)
X< po(1) ¥+ < ps(1) 47
oM L)

where each R°(j), j =1, 2, ..., M, is a reflection matrix
associated with the far-end boundary of array j. Equation (47)
can be simplified to

po(D wiD) ps(@)
po (1D w11 ps(I1)
Uy Up
0 L= hd (1 e 48
- [Uzl Uzj bl g w0
0 (M) us (M)

in which Uj are submatrices of

0 1 .

U=I[S] | . Re) : 49)
: .0
0 - - - 0 RM)

and —022 = U22 - [I]

The wave vectors p,(1) through p,(M) can be eliminated
from Eq. (48) using the lower rows of the equation, resulting
in

poM) o — () {m(n}
LO(II)}'[U“ Uil UZ‘]{;»,-(H)}"L s (1D)
ps(1)
~Usl5Y (50)
I"S(M)
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Fig. 7 Schematic of an example space structure.

Equation (50) is a relationship among the incoming waves, the
outgoing waves, and the source waves, with the effects of
unloaded arrays 1 through M taken fully into account. The
source waves are generated by the external forces at the inner
coordinates of the core-cell (represented by solid lines in Fig.
6). The form of Eq. (50) clearly suggests that the entire struc-
ture has been replaced by an equivalent one-dimensional ar-
ray. Thus, results obtained in the previous sections can be
applied to the present case.

Let array I be treated as being on the left of array 11, and let
Eq. (50) be recast in an alternate form, as follows:

w®) pr(1) {MS(I)}
L,(H)}‘[U“ Vel UZ']{m<II)}+ ps(10),
ps(1)
- UpUy! G
us (M)

The square matrix on the right-hand-side in the above equa-
tion is clearly a scattering matrix; thus, it can be identified as

(52

— R7(LY) T(LD
[Ull - U12U221U21] = |: (

T'd1,1) RI(ILI)

and it includes the effects of unloaded arrays 1 through M.
Recall that we consider only one external excitation vector

located on the core-cell. Since arrays I and II are unloaded,

() and p,(IT) can be expressed in terms of p,(I) and p,(11),
namely,

{ur(n} _ [R’(I,FI) 0 Hm(l)} 53
(i) 0 R(£,11}] (p-(IT)
Then Eq. (51) can be rewritten as

us(1)

1 (1 —_ .
{: 1((11))} =L {: ((H))} ~Ualzhy o9
’ ’ (M)
where
— RYI,F, 0
L1=[]-[Uy - UuUzz'Un][ (O ) R,(FI,HJ (55)

and where use has been made of the free boundary conditions
at the far ends of arrays I and II. The response at any location
on these two arrays can easily be obtained by substituting Eq.
(54) into Eqs. (35) and (36), noting that the interface I corre-
sponds to S, and the interface II corresponds to S + 1;.

On the other hand, if external excitations are not located on
the core-cell, but on either array I or 11, then the source waves
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ps(D)y ps (D), ps (1), ..., us(M) disappear from Eq. (51). In this
case, the net effect of the core-cell and the unloaded arrays 1
through M is represented only by the reflection and trans-
mission matrices given in Eq. (52).

Numerical Example

A schematic of a space structure is shown in Fig. 7. This
structure consists of two intersecting arrays of truss-cell units,
with 81 periodic units in the w-e direction and 61 periodic
units in the n-s direction. The ends of both arrays are free.
The core-cell at the intersection is the 31st, counting from the
south end, and is the 21st, counting from the west end. Each
truss cell is composed of eighteen bars. The diagonal bars are
V2 m long; nondiagonal bars are 1 m long. All bars have the
same cross-sectional area 5.03 X 10~% m2. The cross section
has the same moments of inertia 2.01 X 10~ m* about the two
principal axes, and the same polar moment of inertia
4.02 x 10~¢ m*. In the calculation, we use a complex Young’s
modulus E = 69.6 X 10% (1 + iy sgn ») Newton per m? with a
loss factor ¢ = 0.04, mass density p = 3.77 X 10° kg/m?>, and
Poisson ratio » = 0.32.

The input is a concentrated moment about a w-e axis (inter-
preted according to the right-hand rule) and applied at the
interface between the 21st and the 22nd cells, counting from
the east end. Wave scatterings are expected at the intersection
and the four boundaries. The output is calculated at the inter-
face between the 35th and 36th cells from the east end.

The computed amplitude of the frequency response for the
angle of rotation at point A about an s-n axis is shown in Fig.
8. Significant response can be seen between 800 and 2500
rad/s. This frequency interval appears to coincide with the

’ Frequency response | (107%ad)

L B A S A A A A
Q 1000 2000 3000 4000 5000

Frequency (rad/s)

Fig. 8 Amplitude of frequency response of rotational angle about an
s-n axis at point 4.

Impulse response (10 2rad)
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0 0.05 0.10 0.15 0.20 0.25 0.30
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Fig. 9 Impulse response of rotational angle about an s-n axis at
point A.
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Fig. 10 Amplitude of frequency response of moment about a vertical
axis at point 4.
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Fig. 11 Impulse response of moment about a vertical axis at point 4.

first two wave-passage frequency bands®®!617 for an ideal
periodic truss structure. Responses in higher bands are consid-
erably lower. The use of a lower loss factor y will increase the
response in the higher bands, but it will not cause any numer-
ical difficulties.

The impulse response obtained from applying the fast
Fourier transform (FFT) to the frequency response is shown in
Fig. 9, using a frequency step of 10 rad/s. By computing the
phase velocities of various waves, their contributions in this
time-domain plot can also be identified.’ The waves from the
second band begin to arrive at 0.005 s after an impulsive
excitation, whereas the waves from the first band begin to
arrive at 0.04 s. These account for two major bursts, shown in
Fig. 9. Signals appearing after 0.1 s are attributable to re-
flected waves from the boundaries and the intersection. Since
all cells are identical in this particular structure, the FFT
program can also be applied to individual wave modes sepa-
rately, and the results are summed to obtain the total re-
sponse. However, such an alternative procedure is found to be
of little advantage, and it is, in fact, more cumbersome when
the structure is composed of several types of cells.

Figures 10 and 11 show the amplitude of frequency response
and impulse response, respectively, for the moment at A about
a vertical axis. Comments similar to those related to Figs. 8
and 9 can also be made for these figures.

Concluding Remarks

The numerical procedure presented herein is both efficient
and accurate for the analysis of truss-type space structures
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composed of spatially periodic truss units or piece-wise peri-
odic units. Typical truss units are modeled using a finite-
element approach to achieve whatever modeling accuracy re-
quired. Traditional transfer matrices for state vectors are
transformed to transfer matrices for wave vectors, so that
various wave motions propagating along the structure in two
opposite directions can be identified. Except for approxima-
tions that may be inherent in the finite-element modeling, the
analysis is exact.

The unique feature of the procedure is the employment of
transmission and reflection matrices in-order that computa-
tion always proceeds in the direction of wave propagation,
and the numerical difficulty associated with the traditional
transfer matrix approach can be circumvented when the struc-
ture is long or when a large number of wave motions is
involved. The use of transmission and reflection matrices also
facilitates the treatment of such complicated configurations as
intersecting cell-arrays.

Although our general scheme follows that of von Flotow,*
the technical developments presented herein are quite indepen-
dent and different in many details. Our main emphasis is
placed on the response of real structures to external excitations
where structural damping is always present. The response,
rather than other characteristics (see, e.g., Ref. 14), is believed
to be more important to design engineers. We have provided
specific formulas required for step-by-step computation in-
volving complicated structural cells and specific boundary
conditions. When the theory is applied to example problems,
we did not encounter numerical difficulties of the type de-
scribed in Ref. 4.
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